We specialize the Wald formalism to derive the thermodynamical first law for static black holes with spherical/torus/hyperbolic symmetries in a variety of supergravities or supergravity-inspired theories involving multiple scalars and vectors. We apply the formula to study the first law of a general class of Lifshitz black holes. We analyse the first law of three exact Lifshitz black holes and the results fit the general pattern. In one example, the first law is T dS + ΦdQ = 0 where (Φ, Q) are the electric potential and charge of the Maxwell field. The unusual vanishing of mass in this specific solution demonstrates that super-extremal charged black holes can exist in asymptotic Lifshitz spacetimes.
Introduction
The AdS/CFT correspondence [1, 2, 3] provides an important tool to study strongly coupled field theories by embedding them in the boundaries of some gravitational backgrounds such as the anti-de Sitter (AdS) spacetimes. The technique can also be used to study nonrelativistic condensed matter theories (CMT). Correspondingly there are two major types of gravitational backgrounds: those that correspond to Lifshitz-like [4] and Schrödinger-like [5, 6] fixed points.
It is well known that in the context of condensed matter theory, various systems exhibit a dynamical scaling near fixed points t → λ z t , x i → λx i , z = 1.
(1.1)
In other words, rather than obeying the conformal scale invariance associated with z = 1, the temporal and the spatial coordinates scale with different powers. Analogous to the AdS background corresponding to z = 1, the dual geometry with one extra dimension that preserves the scaling symmetry (1.1) was proposed, namely [4] 
The metric is homogeneous with time and space translation invariance, spatial rotational symmetry, spatial parity and time reversal invariance. It is invariant under (1.1) provided if one scales r → λ −1 r, where r is the coordinate of the extra dimension. When z = 1, the metric reduces to the usual AdS metric in Poincaré coordinates with AdS radius ℓ. The
Schrödinger geometries can be viewed as Lifshitz metrics with an additional momentum along one of the spatial directions. The primary concern of this paper is about solutions that are asymptotic to the Lifshitz vacua.
Although the Lifshitz solutions are subtler than the AdS vacua, many examples have been found in supergravities, higher derivative gravities and some other ad hoc theories . In the application of the AdS/CMT correspondence, it is useful to study the deviation from the vacuum configuration such as black holes. While many exact black hole solutions that are asymptotic to AdS have been found in gauged supergravities or supergravityinspired theories, very few examples of Lifshitz black holes are known. For these few known examples, their thermodynamical properties have yet been well studied. Indeed although it is easy to calculate the black hole temperature and the entropy using the standard simple technique, the thermodynamical first law of these black holes remains murky. One reason is that the definition of mass in Lifshitz geometries is far less clear than that in flat or AdS backgrounds. Furthermore, many Lifshitz black holes involve a massive vector, whose hairy contribution to the first law has not been well studied even in AdS spacetimes, let alone in the Lifshitz backgrounds.
In this paper, we consider Lifshitz black holes in a large class of two-derivative gravity theories, involving scalars and vectors. We adopt the Wald formalism to derive their first law of black hole thermodynamics. Wald has developed a procedure for deriving the first law of thermodynamics by calculating the variation of a Hamiltonian (δH) derived from a conserved Noether current. The general procedure was developed in [26, 27] and the first law can be derived from the Wald equation δH + = δH ∞ , where the subscripts denote that the quantity is evaluated on the horizon and at the asymptotic infinity respectively. It turns out that with some suitable gauge choice (when applicable), δH + = T δS, where the entropy S can be derived from a general formula
where L is related to the Lagrangian by L = √ −g L and the integration is over the horizon.
However, there is no general formula for the evaluation of δH at the asymptotic infinity.
The result depends on the detail falloffs of various fields involved in a solution. For the simplest case, such as the Schwarzschild black hole, δH simply gives rise to δM , where M is the mass of the black hole. In general, δH ∞ may contain hairy contributions from any field involved in a black hole, and hence it is theory dependent.
The application of Wald formalism in Einstein-Maxwell theory can be found in [28] .
Recently, the formalism in Einstein-scalar and Einstein-Proca theories has been developed in [29, 30] and [31] respectively, focusing on static solutions with spherical/torus/hyperbolic symmetries. There are multiple advantages in this approach. The first is that the formalism does not require solutions to be exact. Once we establish that a black hole solution exists, either by argument or numerical analysis, we can apply the formalism and obtain the thermodynamical first law by obtaining the power-series expansion of the solutions in both the horizon and the asymptotic infinity. This is particular useful for studying the first law of Lifshitz black holes, since although it is easy to establish that Lifshitz black holes exist in a variety of theories, few exact solutions are known. The second is that the procedure naturally gives the scalar or vector hairy contributions to the first law, as was demonstrated explicitly in the Kaluza-Klein dyonic AdS black hole [32] . Furthermore, the Einstein-Proca theories considered in [31] for studying massive vector hair in AdS black holes can also be used to construct Lifshitz vacua and the formulae obtained in [31] can be used for studying the thermodynamics of Lifshitz black holes in these theories.
The paper is organized as follows. In section 2, we apply the Wald formalism to static solutions with spherical/torus/hyperbolic symmetry for a large class of supergravities or supergravity-inspire theories. The formula we obtain can be used to derive the first law for a variety of solutions, including those that are asymptotic to flat, AdS or Lifshitz spacetimes.
In section 3, we consider Lifshitz black holes in Einstein-Proca gravity with a cosmological constant. We obtain the thermodynamic first law for a large parameter space. We verify them with three special examples. In section 4, we add a Maxwell field to the Einstein-Proca theory and obtain the first law. An exact black hole solution was constructed in this theory and we show that the first law we derive is indeed satisfied by this specific solution [33] .
In section 5, we consider the Einstein-Proca theory coupled to a non-dynamical scalar. An exact black hole solution in this theory was obtained in [34] and we derive its first law. In section 6, we consider Einstein-Maxwell-Dilaton theory (EMD) and derive the first law of some exact black hole solutions. We conclude our paper in section 7. In appendix A, we give the characteristic falloffs of free scalar and vector fields in Lifshitz backgrounds. In appendix B, we give two examples of precise asymptotic power-series expansions in Einstein-Proca theory that can be used to derive the Wald formula precisely.
Wald formula for a general class of theories
In this section, we shall derive the formula that would lead to the thermodynamical first law of Lifshitz black holes for a large class of two-derivative gravity theories involving scalars and vectors. The formula can be used to calculate the first law for any static black hole with spherical/torus/hyperbolic symmetry. We first consider Einstein gravities in n dimensions that couples to a scalar and a vector
where F = dA and ǫ = 0, 1. The expression L non−deriv involve all the terms in the Lagrangian with no spacetime derivatives, e.g. the scalar potential or the mass term of A if it is a Proca field. The non-derivative terms in the Lagrangian play no explicit rule in the Wald formalism. When ǫ = 0, the scalar kinetic term drop out. This unusual situation is considered because an exact Lifshitz black hole was constructed in such a theory [34] , which we shall discuss in section 5. At the first sight, the Lagrangian (2.1) appears to be rather limited, with only one scalar and one vector. In fact, our results can be easily generalized to a large class of two-derivative theories such as supergravities or supergravity inspired theories that involve multiple minimally coupled scalars and vectors, by simply superposing all the contributions in (2.4) that we shall derive presently. An explicit example of the analysis involving one scalar and two Maxwell fields will be given in section 6. Furthermore, the exponential scalar factor e aϕ can be replaced by any function of ϕ.
For our purpose, we consider static solutions of the general type
The metric is of cohomogeneity-1 with k = 1, 0, −1, for which dΩ 2 n−2,k is the metric for unit sphere, torus and hyperbolic space of dimensions n − 2. The Wald formalism for Einstein-scalar and Einstein-Proca theories were given in [29, 30] and [31] respectively. It is straightforward to combine the two results. The only subtlety is to handle the exponential dilaton coupling of the field strength. We shall not repeat the derivation here, but simply present the result, following the same notation of [30, 31] :
where Σ (n−2) is the boundary of some Cauchy surface, which has two components, one at infinity and one on the horizon, and
where a prime denotes a derivative with respect to r and Ω (n−2) is the volume form of the foliating space dΩ 2 (n−2),k
. The variation δ acts on the parameter space, i.e. the integration constants of the solutions. For vanishing vector A, i.e. ψ = 0, we obtain the result of [29, 30] ; for a = 0 = ǫ, we recover the results of Einstein Maxwell or Einstein Proca theory [31] . As we have mentioned, it is straightforward to generalize the results to multiple scalars and vectors by the superposition of all the contributions. Since the procedure is absolutely straightforward, and we find it is necessary to present the general result.
For a black hole with an event horizon at r = r 0 , one finds [31] 
The temperature and the entropy are related to the horizon surface gravity κ and the area of the horizon in the standard way
Throughout this paper, we denote
as the volume the foliating space. The other boundary is located at asymptotic infinity, be it sphere, torus or hyperbolic space. The first law of black hole thermodynamics can then be derived from the Wald equation δH ∞ = δH + , giving rise to
For regular soliton solutions, the Cauchy surface has only one boundary located at the asymptotic infinity, and correspondingly the "first law" becomes
Note that the results do not depend explicitly on the topological parameter k of metric dΩ 2 n−2,k for the foliating space. It is worth pointing out that the Wald formula we have obtained applies not only for the Lifshitz black holes, but also for all black hole or soliton solutions with spherical/torus/hyperbolic symmetries, including those that are asymptotic to flat, AdS or Lifshitz spacetimes. The derivation of the first law then amounts to evaluate (2.4) at large r.
Thus, an explicit solution may not be necessary, but instead the precise large-r power-series expansions of all the fields suffice.
In this paper, we focus our attention on two-derivative theories. The thermodynamics of Lifshitz black holes in gravities with extended quadratic curvature invariants were discussed in [35] .
Einstein-Proca theory
In this section, we study the Lifshitz black holes in the Einstein-Proca theory of a massive vector field coupled to gravity, together with a cosmological constant. The Lagrangian, viewed as an n-form in n dimensions, is given by
where F = dA. This gives rise to the equations of motion
There should be no confusion between the mass parameter µ of the Proca field and the spacetime indices. Here we adopt the same notation as in [31] , except where rename the mass parameter. In [31] , AdS black holes of this theory and their thermodynamical properties were studied in some detail. We find that many formulae obtained in [31] are useful for our purpose as well. In particular, the equations of motion of this system for the ansatz (2.2)
were given in [31] and we shall not repeat here.
Lifshitz vacua
The Lifshitz solutions of the Einstein-Proca theory was obtained in [7] . In our notation, the solution is given by 4) corresponding to ψ = qr z , h = ℓ 2 r 2z and f = r 2 /ℓ 2 in the ansatz (2.2). The parameters satisfy We can then use the Wald formalism to derive the thermodynamical first law which gives the first-order differential relation between the temperature, entropy and the integration constants associated with the various falloff modes. The procedure does not require an exact solution.
Asymptotic infinity
We first study the asymptotic behavior of possible black holes. In order to obtain the falloffs of the fields, we first study the linearized field equations around the Lifshitz vacua:
where the tilded fields are small perturbations. Expand the equations of motion up to the linear order in tilded fields, we obtain a set of coupled linear differential equations, which can be solved exactly. We find
where
We see that there are a total of four free parameters (α 0 , α, β, γ). To understand the origin of these modes, we first examine asymptotic behaviour of the metric component g tt , which takes the form
It is clear that the parameters (α 0 , α) are two constant parameters associated with the graviton modes. The α 0 is a marginally divergent modes associated with the scaling of the time coordinate. It can be set to zero for maintaining the proper scaling of the time coordinate in the asymptotic region. The α is associated with the convergent mode, which in general gives rise to the mass of a solution. Indeed, when z = 1, corresponding to asymptotic AdS, the mass term is associated with the 1/r n−3 falloff mode. (There can exist non-linear contributions to the mass as well.) Our analysis of exact solutions in the subsequent sections demonstrates indeed that the parameter α is associated with the mass.
The appearance of the (α 0 , α) terms in the vector component ψ is due to the fact that the graviton provides a source for the Proca field in this coupled system.
Comparing the behavior of ψ to (A.5), we conclude that the (β, γ) are associated with the linearized massive vector modes, namely
The effective mass of of this mode is given by
Note that the mode associated with β parameter has the slowest falloff. When z + 2 ≥ n, this mode becomes divergent comparing to the leading term of the Lifshitz vacuum. For an asymptotic Lifshitz black hole, such a divergent mode must be absent. On the other hand, when a solution is specified by the horizon condition in the bulk, there is no guarantee that such a divergent mode will not be excited. Typically it does, which makes the existence of a black hole highly unlikely. This effectively leads to some no-hair theorem in Einstein
Proca theory for z + 2 ≥ n. (If the theory involves additional fields, one may fine-tune the parameters to avoid such a divergent mode in the asymptotic infinity to evade the no-hair theorem.)
By contrast, if we impose the condition 12) all the linearized modes are convergent. This implies that a solution with well-defined horizon in the bulk or a smooth soliton can be always integrated out to asymptotic infinity, since there does not exist a mode that can break down the asymptotic structure.
The horizon of the solution in this theory is specified by two parameters, the location r = r 0 and the slop ψ ′ (r 0 ) of ψ's approaching to zero [31] . Integrating the solution from the horizon to infinity, we conclude that the asymptotic parameters (α, β, γ) are not independent, but functions of (r 0 , ψ ′ (r 0 )). Alternatively, the black hole solutions can be viewed as being specified by two independent parameters, the mass characterized by α and the massive vector hair characterized by β. The thermodynamical first law is then an firstorder differential relation of various physical quantities which are functions of these two independent variables.
First law from the Wald formalism
There is however a subtlety in applying the Wald formalism to derive the first law. The linearized analysis only tells that the terms associated with (α, β, γ) can arise in the large r expansions, but they are not the only ones. What is guaranteed is that the slowest falloff mode β must be the leading falloff in the large r expansions; however, there can be additional non-linear contributions between the β terms and the faster α and γ falloff modes. This makes it impractical to derive the precise first law and obtain the mass formula for the general parameters. In [31] , a trick is employed to derive a general formula for a large region of parameter space, but not all. In our system, it mounts to assume that there exists parameters such that ν < 1 2 , for which there can be no further non-linear terms whose falloffs lie between the β and α terms. In this case, the linear solution represents the three leading falloffs in the large r expansions. Unfortunately, this would require that the dimensions to take general real numbers. Nevertheless, we can formally employ this technique, since from the view of mathematical equations, an irrational n is as equally valid as an integer. With this in mind, we substitute the linearized solution to the Wald formula, and we obtain
We now definẽ
and we have 16π
Making use of the Wald identity, δH ∞ = δH + , we obtain the first law
where the mass of the black hole is defined
It is perhaps instructive to express the first law in terms of ψ 1 and ψ 2 , the massive vector hair in the Lifshitz background. The first law becomes
We obtain the first law (3.18) assuming that ν < 1/2. This assumption is in general not satisfied by integer dimensions; nevertheless, by studying explicit examples, we believe that there exists an M such that the first law (3.18) holds for Lifshitz black holes in EinsteinProca theories in a large region of parameter space.
Explicit examples
The first example we consider is n = 7 and z = 2. This example is chosen because for this (n, z), we have ν = 5. Consequently the asymptotic infinity series expansions are of integer powers (with non-linear logarithmic terms emerging in higher order): This formula is derived from the exact power series expansion and hence can be trusted. It is not the same as the general formula (3.13) for n = 7 and z = 2, indicating that the result (3.13) is not entirely valid. However, if we defineα as This is exactly the same as (3.15) for n = 7 and z = 2. Consequently, the form of the first law in this special example is the same as the general result (3.18). It is worth pointing out that the shifting of βγ term in (3.21) is a Legendre transformation and it is optional depending on which quantity one wishes to hold fixed when one studies the thermodynamical transformation. The β 7 term on the other hand is more natural to be absorbed into the definition of mass. This implies that there can be non-linear contribution to the mass as well. We shall encounter such an explicit example in section 5.
The second example is n = 6 and z = 3/2 for which ν = 9/2. The third example is n = 5 and z = 8/5 for which ν = 19/5. The large-r expansions in both examples involve rational powers. The results are complex and presented in appendix B. From these, we obtain n = 5, z = Again in terms of the original (α, β, γ) parameters, these correctly-derived δH ∞ are not the same as the general formula (3.13), but they can be made the same with appropriate choicẽ α so that the final form of the first law takes the universal expression (3.18).
In this section, we argued that for n > z + 2, Lifshitz black holes could exist in EinsteinProca theories. We obtained their thermodynamical first law. Since there is no exact solution in these theories, it requires numerical calculation to test the first law. This was carried out for the AdS black holes in [31] for the Einstein-Proca theories and [30] for the Einstein-scalar theory. We shall not perform this task in this paper. Instead, in following sections, we shall augment the Einstein-Proca theories with an additional Maxwell field or a non-dynamical scalar, where some specific exact Lifshitz black hole solutions can be constructed. The procedure we outlined so far allows us to obtain the proper thermodynamical first law for these solutions.
Einstein-Proca theory with a Maxwell field
In this section, we consider Lifshitz black holes of Einstein-Proca theory with an additional Maxwell field. This theory is of particular interest for our purpose since there exists a special exact Lifshitz black hole in general dimensions with critical exponent z = 2(n − 2) [33] . It allows us to test our first law with a concrete analytical example.
The general first law
The general Lagrangian in n-dimensions is given by Following the same procedure, we construct the linear perturbation: (n+z−2+ν)
To be precise, we have considered quadratic contributions of the Maxwell field in the Einstein equation in the above. We can then straightforwardly obtain the general Wald formula
This leads to the first law
where Φ = −φ 0 is the electric potential and Q is the electric charge
Thermodynamics of an analytical solution
In [33] , an exact black hole solution was obtained for z = 2(n − 2), corresponding to
It is clear that in this case, we have z + 2 > n and hence the β mode is divergent and has to be absent in the solution. This can be achieved with fine tuning of the solution in general parameter space. It turns out that there exists a special analytical solution in which all the (α, β, γ) modes are absent. The solution is given by [33] 
The solution involves two free parameters φ 0 and φ 1 . The parameter φ 0 is pure gauge, and we make a gauge choice so that A vanishes on the horizon at r 0 . (The vanishing of the Proca field on the horizon is, on the other hand, the consequence of the equations of motion.) This implies that
This gauge choice ensures that δH + = T δS. The absence of (α, β, γ) modes implies that the solution has no mass and massive vector hair. Indeed, substituting the solution into the Wald formula leads to the following thermodynamical first law
where the electric potential and charges of the Maxwell field A are given by
It is perhaps a misnomer to call the Φ above the electric potential, since the electric potential difference of the Maxwell field A between the horizon and the asymptotic infinity is divergent in this solution. To demonstrate that the first law (4.10) indeed holds for the solution, we see that the horizon is located at r = r 0 with
It is then easy to calculate the black hole temperature and entropy using the standard procedure, given by
It is then straightforward to verify that the first law (4.10) is indeed satisfied. The Smarr formula for this specific example is given by
The Lifshitz black hole (4.8) involves only one non-trivial parameter. A naive impulse is to integrate out the T dS to write the first law as dM = T dS. Our proper analysis shows that this is incorrect. The vanishing of mass in a black hole solution is rather intriguing. In the asymptotic flat Reissner-Nordstrøm solution, the absence of a naked power-law curvature singularity at the origin requires the solution to be sub-extremal Q < M or extremal Q = M . In the AdS Reissner-Nordstrøm solution, even the extremal condition requires Q < M . However, the M = 0 solution discussed above demonstrates that in some asymptotic
Lifshitz backgrounds, the super-extremal Q > M black holes can also exist without naked singularity.
Einstein-Proca theory with an non-dynamical scalar field
In this section, we study the thermodynamics of an exact Lifshitz black hole of some Einstein-Proca theory coupled to an non-dynamical scalar field. The Lagrangian is given by
It is clear that the theory admits the Lifshitz solutions of ϕ = 0, but with an additional algebraic constraint from the ϕ equation of motion
In [34] , an exact black Lifshitz black hole solution was obtained for z = 2, corresponding to
It is clear that this is a special solution of a more general class of solutions. It is instructive to obtain the first law for the most general class of solutions and then specialize to this case. The linearized equations for z = 2 yield solutions with three non-trivial parameters: Since all the modes fall faster than 1, implying that the general black hole solution contains all the three falloffs with two non-trivial parameters, the mass and the massive vector hair.
(The three parameters (α, β, γ) are constrained by an algebraic relation by the horizon condition as discussed in section 3.) With these as guide, we perform the large-r series expansion of the solution to obtain the non-linear as well as the linear falloffs. We find
Substituting this into the Wald formula in section 2, we obtain a convergent result
For the specific solution (5.3), we have α = 0 = β and γ = r 2 0 and hence the mass is given by
The temperature and entropy are given by
It is then straightforward to see that the first law (5.8) is satisfied by this black hole solution.
Unlike the example in section 4, the naive impulse to integrate out T dS to get the mass turns out to be correct in this case. What is unusual is that the mass in this solution consists solely of the non-linear contribution from the massive Proca charge γ, with no contribution from the condensation of graviton mode.
Einstein-Maxwell-Dilaton (EMD) theories
Instead of a Proca field, Lifshitz vacua can also be constructed with a Maxwell field together with a dilaton, see, e.g. [35] [36] [37] [38] [39] [40] [41] [42] . 1 Incidently, the two matter systems have the same degrees of freedom. One can consider charged Lifshitz black holes by adding further Maxwell fields.
A general class of Lagrangian takes the form
where F i = dA i . With appropriate choice of exponential dilaton potential V (ϕ), the Lagrangian admits charged Lifshitz black holes with an overall conformal factor on the metric, giving rise to the hyperscaling violation in the boundary theories. To focus our attention on Lifshitz black holes, we consider the case with no conformal factor, corresponding to setting V (ϕ) to be simply a negative cosmological constant, i.e.
For simplicity, we consider only the case with N = 2. For appropriate choice of the parameters (Λ, λ 1 , λ 2 ), the theory admits the following charged Lifshitz black hole [41] 
The parameters in the theory are given by
Note that the overall constant scaling of the metric is fixed in this system, so that the cosmological constant gives rise to AdS spacetimes with unit radius for z = 1.
We now derive the thermodynamical first law of the black hole. It is clear that the Lagrangian (6.1) belongs to the general class of theories discussed in section 2. It follows that we have
We are grateful to ZhongYing Fan for pointing this out to us, which motivated us to write this section.
Substituting the solution (6.3) into the above equation and take the r → ∞ limit, we find
For δH + on the horizon to be T δS, it is necessary to make a gauge choice so that the Maxwell field A i vanishing on the horizon r = r 0 , where r 0 is the largest root off . This implies that
The electric charges carried by A i are given by
It is clear that the charge Q 1 is a fixed constant and hence it does not involve in the first law since its variation vanishes. Interestingly, it would also be a misnomer to call φ 1 the electric potential since A 1 diverges at the asymptotic infinity, as in the example given in section 4.2. The Wald formula leads to the follow first law The temperature and the entropy of the black hole can be calculated using the standard technique, given by
It is then straightforward to verify that the first law (6.9) is indeed satisfied by this solution.
The Smarr formula is
In this example, there is no Proca field and the thermodynamical quantities (T, S, Φ 2 , Q 2 )
can be precisely derived, and hence the first law (6.9) and the mass can be derived by integrating out T dS + ΦdQ directly. It is nevertheless worth applying the Wald formulism in this special case.
It is worth pointing out that the first law (6.9) takes the same form of that for the Reissner-Nordstrøm black hole, and indeed the black hole solution (6.3) reduces to the Reissner-Nordstrøm AdS black hole when z = 1. The mass parameter m appears in the 1/r n−z−2 falloff term in the asymptotic series expansion of g tt . This is exactly the α term in the general discussion in the earlier sections.
Conclusions
In this paper, we specialized the general Wald formula to derive the thermodynamical first From the Wald formalism, the first law of black hole thermodynamics can be understood as follows. Each field φ i in a two derivative gravity theory has two integration constants (p i , q i ) in the most general solution. When both integration constants are associated with converging modes in the asymptotic region, they can survive in the most general black hole solution. The condition of the existence of an event horizon implies that these parameters are not independent, but subject to an algebraic constraint. The Wald formalism then gives the first-order differential relation between these quantities, namely
where κ is the horizon surface gravity and A is the area of the horizon. In particular, the lefthand side of (7.1) is obtained from studying the asymptotic structure of the solution, whilst the right-hand side is obtained from the near-horizon structure. If we let (p 0 , q 0 ) denote the integration constants for the graviton modes, then p 0 is a constant associated with arbitrary scaling of the time coordinate in a stationary solution, and hence should be set to 1 with some appropriate convention. Correspondingly the parameter q 0 is naturally interpreted as the mass, leading to the first law of black hole thermodynamics. The expression (7.1) is purely classical. The quantum nature of the black hole thermodynamics arises in relating the (κ, A) to the temperature and entropy respectively, by the pioneering work of Hawking.
We applied the formalism to study three analytical 
A Lifshitz vacua and free scalars and vectors
In this appendix, we study the solutions of the free scalar and vectors in Lifshitz spacetimes.
This allows us to identify the falloff modes in the asymptotic expansion of the Lifshitz black holes. The Lifshitz metric in n dimensions is given in (1.2). A free massive scalar satisfy the Klein-Gordon equation
For our purpose, we are interested only solutions that depend on the radial coordinate r only; they are given by
where ϕ 1,2 are the two integration constants. The solutions imply a Breitenlohner-Freedman (BF) type of bound on the mass, given by
which reduces to the standard AdS BF bound when z = 1.
For a free massive vector A (Proca field), the equation of motion is
For our purpose, we consider only the electric solutions A = φ(r)dt. We find that
Thus the BF-like bound for the massive vector is
As in the case of the AdS spacetimes, the absence of tachyon instability does not exclude negative mass square, but with a minimum bound. Furthermore, in Lifshitz as well as AdS vacua, both modes can be convergent in these vacua, unlike the case in flat spacetime, where a typical Yukawa divergence emerges for a massive field. As we discussed in the text, this makes it possible that we can construct Lifshitz or AdS black holes carrying hairs of massive fields.
B Some explicit examples of power-series expansion
In this appendix, we present two concrete examples of asymptotic power-series expansions of solutions that are asymptotic Lifshitz spacetimes in the Einstein-Proca theory of section 3. We then calculate the δH ∞ in the Wald formula. In both examples, the power exponents are all of rational numbers, and the series involve many terms. The second example has logarithmic terms as well. However, the resulting Wald formula for each case is rather simple, with the divergent terms all conspire to cancel each other.
B.1 n = 5, z = The large r series expansion is also complicated, given by h ℓ 2 r 3 = 1 + 
